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DEAL.II AND CERECAM

Centre for Research in Computational and Applied Mechanics:
๏multidisciplinary research centre with 12 members from various 

faculties and departments
๏postgraduate eduction in mechanics is a key objective
๏ 6 courses in FE, continuum mechanics, C++, deal.II (computational FEA)
๏ MSc and PhD supervision
๏ unique facility in (South) Africa

2 CERECAM 2013

FOREWORD

The Centre for Research in Computational and Applied Mechanics, or CERECAM, 
has grown into a research centre which currently comprises six full – and seven 
associate – members from six different departments and three faculties.

Research areas of interest span a wide range 
that includes theoretical, computational and 
experimental investigations in solid and 
fluid	 mechanics.	 Areas	 of	 activity	 in	 solid	
mechanics include plasticity, structural 
mechanics and fracture mechanics. In the 
domain of fluid mechanics, much activity 
is motivated by problems in aerodynamics 
and in the mining industries. Beyond 
these traditional areas of interest, 
biomechanics is a major area of activity, 
and particulate f low characterisation has 

become established as a major focus in 
its own right.

Postgraduate education forms a core part of 
the objectives of the Centre, which mounts 
a suite of six courses at postgraduate level. 
In addition, members and research staff are 
engaged in the supervision of a significant 
number of postgraduate students.

This report sets out details of the activities 
of CERECAM during 2013.

deal.II and CERECAM 
๏decision made in 2008 to use deal.II as base for code development
๏ SIAM news article on deal.II winning the Wilkinson Prize in 2007
๏ lacked the critical mass to develop own in-house code
๏ even if we had the mass, we would be small number of isolated individuals 

reinventing the wheel in a country far away…

๏5 MSc projects and 8 PhD projects used deal.II in CERECAM to date



OVERVIEW OF PRESENTATION

๏Overview of several of the research projects using deal.II
1. IP methods for problems in elasticity
2. Thin-shells with applications in biomechanics
3. Patient-specific FSI for vascular access in haemodialysis patients
4. Surface elasticity
5. Single crystal plasticity
6. Homogenisation of material layers
7. Friction-stir welding

๏What would I like to see (or be encouraged to implement) in deal.II



๏Locking:
๏ The poor behaviour of low-order conforming finite element approximations for 

problems of near-incompressible or incompressible elasticity 

๏Some remedies:
๏ selective reduced integration (SRI) 
๏ mixed DG methods for meshes of low-order quadrilateral or hexahedral cells 
๏ primal DG methods for triangular elements…convergence analysis similarly 

restrictive

๏Context:
๏ we assumed we could simply use a primal DG formulation in deal.II, circumvent 

locking and move on to the actual problem…

๏our remedy: SRI on edge terms for IP methods
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In an analysis taking material parameters into account, Wihler [26] proved the
NIPG method locking-free for nearly incompressible materials when a mesh of simpli-
cial elements is used with low-order (linear) approximations, for polygonal domains
in two dimensions, including non-convex domains. Similarly, Hansbo and Larson
[17] presented an extended and adapted SIPG (Symmetric Interior Penalty Galerkin)
method — originally defined by Wheeler [25] for scalar elliptic equations — and
showed that it is locking-free for nearly incompressible materials, on a two-dimensional
domain using a mesh of simplices, with linear and higher-order approximations. They
showed also that the adaptation they had made, viz. the addition of a second stabiliza-
tion term, is a necessary requirement for stability of the method. Shortly thereafter,
the same authors presented a similar method using a di↵erent stabilization, showing
its relationship to a nonconforming method with a stabilized Crouzeix–Raviart ele-
ment, and in particular proving that it is uniformly convergent in the incompressible
limit for linear and higher-order simplices in two and three dimensions [18]. A pos-

teriori analyses for DG methods on meshes of triangles have also been performed in
[10] and [27], providing bounds that are robust with respect to the compressibility
parameter.

In a numerical investigation based on the use of low-order hexahedra, Liu et al.
[21] showed the under-performance of the SG method and the apparent superiority
of the three interior penalty (IP) methods (NIPG, SIPG and the Incomplete Interior
Penalty Galerkin method, or IIPG, originally described by Dawson et al. [13] for flow
problems), as well as of the OBB method [22], a penalty-free version of NIPG, on a
specific benchmark problem.

While all of the studies of the performance of one-field DG in the near-incompressible
regime show that their methods are locking-free, the analyses are restricted to the case
of triangular elements, not merely in specified scope, but inherently in the chosen tools
of proof: for example, based on the error-splitting technique, using an interpolant de-
fined on a triangle. In contrast, Liu et al. [21] use hexahedral elements, though
without an accompanying analysis, and using a benchmark problem with conditions
not leading to the severest form of locking even with the standard method.

Since quadrilateral elements have already been studied in the context of com-
pressible materials, and their use is desirable both for the advantages that that type
of mesh o↵ers and for the increased variation allowed for by bilinear interpolations, an
investigation of their potential for nearly incompressible materials was deemed valu-
able. Specifically, the focus is on the question of uniform convergence for the three
IP methods.

Contrary to initial expectations, numerical experiments with the IP methods
show that bilinear quadrilateral elements, while performing very well for highly com-
pressible materials, perform poorly for the nearly incompressible case, unlike their
triangular counterparts. Figures 5.2 to 5.4 show sets of results that will be discussed
in detail in §5. For the three examples considered, poor results are obtained when
using the standard Galerkin method with conforming bi- or trilinear elements (see the
curves marked “SG”) as well as with the use of various interior penalty approaches in
conjunction with conventional full integration of all terms (these curves are marked
“..., full”).

In this work we propose under-integration — on a minimal number of specifically
selected edge terms — as a remedy for the material dependence of the IP methods
when bilinear elements are used. Conventionally, under-integration of selected element
domain terms has been used in conjunction with conforming methods to alleviate
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The governing equation of the system is the equilibrium equation

�div � (u) = f in ⌦, (2.1a)

and the boundary conditions are

u = g on �D, (2.1b)

� (u)n = h on �N . (2.1c)

The Lamé parameters � and µ are assumed to be positive, and can be expressed
in terms of the Young’s modulus, E, and Poisson’s ratio, ⌫, by

� =
E⌫

(1 + ⌫) (1 � 2⌫)
, µ =

E

2 (1 + ⌫)
.

As ⌫ !

1
2 , which corresponds to the incompressible limit, so � ! 1.

2.2. The discontinuous Galerkin framework. The domain ⌦ ⇢ Rd (d = 2, 3) ,
is partitioned into a mesh of regular elements ⌦e, where Th = {⌦e}. Define he : =
diam (⌦e), and h := max⌦e2Th (he). The outward unit normal of ⌦e is denoted by ne.

In the following, all definitions and notation are given for d = 2, but are equally
applicable to d = 3 if “edge” is replaced with “face” in each instance.

Each element has a boundary @⌦e, consisting of edges E. Define hE := diam (E).
The union of all edges lying in the interior of the domain, rather than on the

boundary, will be denoted by �int. Define �iD := �int [ �D.
By abuse of notation, any symbol denoting a union of edges will also denote the

corresponding set of edges.
Use will also be made of the discrete Sobolev space

H1 (Th) :=
�
v 2 L2 (⌦) : v|⌦e 2 H1 (⌦e) 8 ⌦e 2 Th

 
,

which is defined such that functions contained in it are not necessarily continuous
across element edges. This introduces flexibility into the solution functions in this
space. Some kind of weak continuity is nevertheless required between neighbouring
elements, and common functions on �int that provide such continuity are the jumps
and averages across edges. For a vector v and a tensor ⌧ , on �ef , the jumps are
defined as

bbvcc := ve ⌦ ne + vf ⌦ nf , bb⌧ cc := ⌧ ene + ⌧ fnf

and [[v]] := ve · ne + vf · nf

and the averages are defined as

{{v}} := 1
2 (ve + vf ), {{⌧}} := 1

2 (⌧ e + ⌧ f ).

The same notation used in reference to boundary edges is defined by

bbvcc = v ⌦ n, bb⌧ cc = ⌧n,

[[v]] = v · n,

{{v}} = v, {{⌧}} = ⌧ .

With P1 (⌦) the space of polynomials on ⌦ of maximum total degree one, and
Q1 (⌦) the space of polynomials on ⌦ with maximum degree one in each variable, let
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incompressible elasticity, allowing overall for meshes of quadrilateral, hexahedral, as
well as simplicial elements (see [7, 4, 9, 17]). In contrast, DG primal formulations
have been established as having optimal performance independent of material param-
eters for meshes of triangular elements ([15, 16, 7, 8, 3]), though not for meshes of
quadrilateral elements.

In a numerical investigation, Liu et al. [10] consider the matter of locking in
the context of low-order hexahedral elements. This work, on a specific benchmark
problem, shows the under-performance of the SG method and the superiority of three
well-known primal IP methods, NIPG, SIPG and IIPG (Nonsymmetric, Symmetric
and Incomplete Interior Penalty Galerkin methods, developed in [13, 12, 14, 5]), as well
as of the method of Oden, Babus̆ka and Baumann [11] (known as OBB), a penalty-free
version of NIPG. However, the conditions of the benchmark problem are not those
leading to the severest form of locking, and no accompanying analysis or convergence
data is included. Therefore, while the results are positive, questions remain about the
scope of the superior performance of the IP methods with non-simplicial elements.

In [6], we showed using several numerical examples in two and three dimen-
sions that the three IP methods do in fact produce poor approximations, and no-
tably locking-type behaviour, when quadrilateral/hexahedral elements are used. We
proposed a new method in which selected terms of the IP formulation are under-
integrated, and presented an analytical proof that the new method is locking-free for
rectangular elements, also demonstrating the optimal performance of this formulation
through numerical examples. The analysis accommodates both essential and natural
boundary conditions, and the numerical examples incorporate both, as would be ex-
pected in a realistic, practical model. However, both the theoretical and numerical
analyses presented in [6] are concerned with rectangular elements and simple domains.

Here, we present a range of results from more general model problems, with non-
rectangular domains and elements, and demonstrate that the formulation of [6] is
e↵ective in circumventing locking in the general case.

Following this introduction, the boundary value problem and DG framework and
formulation are presented in §2. Section 3 gives the numerical results using both the
original IP formulation, comparing triangular to quadrilateral elements, and the new
IP formulation, before the conclusion in §4.

2. Preliminaries.

2.1. The boundary value problem of linear elasticity. Let a homogeneous,
isotropic, linear elastic body occupy the bounded domain ⌦ ⇢ Rd (d = 2, 3), with
the Lipschitz boundary @⌦ consisting of a Dirichlet portion, �D, of positive measure,
and a Neumann portion, �N , such that �D \ �N = ; and �D [ �N = @⌦, and with
outward unit normal n.

A body force f 2

⇥
L2 (⌦)

⇤d
is applied, with prescribed displacement g 2

⇥
H1 (�D)

⇤d

on �D and prescribed traction h 2

⇥
L2 (�N )

⇤d
on �N . The resultant displacement is

u, and the strain " is expressed as a tensor defined in index notation as

" (u)ij :=
1
2 (ui,j + uj,i) , 1  i, j  d.

The stress � (u) is related to the strain via the constitutive law

� (u) := 2µ" (u) + �tr " (u)1 = 2µ" (u) + � (r · u)1,

where � and the shear modulus µ are known as the Lamé parameters, and 1 is the
second-order identity tensor in Rd.
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SIPG, and ✓ = 0 gives IIPG. (The original methods do not in all cases contain the
stabilization terms included here.)

We seek uh 2 Vh such that, for all v 2 Vh,

aUI
h (uh,v) = lUI

h (v) . (2.5)

As in the original IP methods, both Dirichlet and Neumann boundary conditions,
(2.1b) and (2.1c), are imposed weakly through this formulation.

3. Numerical examples.

3.1. Results using the standard IP methods: comparison of triangu-
lar elements with quadrilateral elements. Two simple, two-dimensional model
problems su�ce to illustrate the discrepancy in performance of the original IP meth-
ods between using low-order (linear) triangular elements — the approach studied in
[15, 16, 7, 8, 3] — and using low-order (bilinear) quadrilateral elements.

Plane strain conditions apply in both cases, and Poisson’s ratio is set to ⌫ =
0.49995. The stabilization parameters are set at kµ = k� = 10, except in the case of
NIPG, in which k� = 0. SI units are used.

The first model problem is of a square cantilever beam in two dimensions, depicted
in Figure 3.1. The beam, with E = 15000, is subjected to a linearly varying force on
the free end, with the maximum value f = 3000. Figure 3.2 shows the locking-free
results when linear triangular elements are used. With bilinear rectangular elements
however (Figure 3.3), there is severe under-displacement and distortion.

Fig. 3.1: Cantilever beam with boundary conditions

The second example, depicted in Figure 3.4, is the well-known benchmark prob-
lem, the Cook membrane (in two dimensions): a tapered panel, fixed on one edge, is
subjected to a uniformly distributed shear force of 100 on the opposite edge. Here,
E = 250.

Again, the IP methods perform well when linear triangular elements are used
(Figure 3.5), while the use of bilinear quadrilateral elements with these methods
produces poor approximations, notably with the occurrence of locking (Figure 3.6).

3.2. Results using the modified IP methods. In [6] we show analytically
that the incorporation of under-integration into the standard IP methods using the
formulation defined in equations (2.3), (2.4) and (2.5) is successful in relieving locking
for the case of bilinear elements, proving that optimal convergence rates are obtained.
The analysis is, however, restricted to d-rectangular elements (d = 2, 3). Practical
applications often utilise non-rectangular quadrilaterals, however, and for this reason
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V = P1 (⌦e) for simplicial elements and V = Q1 (⌦e) for quadrilateral or hexahedral
elements, and define the DG solution space

Vh =
h
v 2

⇥
L2 (⌦)

⇤d
: v|⌦e 2 Vd

8 ⌦e 2 Th

i
, (2.2)

where Vh ⇢

⇥
H1 (Th)

⇤d
.

2.3. Modified IP formulation. In the general formulation presented in [6],
which expresses three IP methods, selected edge terms are under-integrated (indicated
below by a summation over the Gauss points, pi, for i = 1, ..., ngp, with wi referring to
the corresponding weighting value). With the context here being the use of bilinear
elements, the appropriate under-integration employs a single Gauss point (that is,
ngp = 1).

While the technique of under-integration (or SRI) has long been used in other
contexts to eliminate locking, such as in the case of the standard Galerkin method with
low-order elements, it has typically been used on integrals on element domains, while
in the formulation of [6] it is used in integrals on element edges only. (Hansbo and
Larson [8] use a similar application of under-integration on an edge-based stabilization
term in their formulation for triangular elements, relaxing what would be otherwise
be a severely constraining term.)

With non-negative parameters kµ and k�, and a switch ✓ to distinguish between
methods, the formulation is defined by the forms

aUI
h (u,v) =

X

⌦e2Th

Z

⌦e

� (u) : " (v) dx

+ ✓ 2µ
X

E2�iD

Z

E
bbucc : {{" (v)}}ds+ ✓ �

X

E2�iD

ngpX

i=1

[bbucc : {{r · v1}}] |piwi

� 2µ
X

E2�iD

Z

E
{{" (u)}} : bbvccds � �

X

E2�iD

ngpX

i=1

[{{r · u1}} : bbvcc] |piwi

+ kµ µ
X

E2�iD

1

hE

Z

E
bbucc : bbvcc ds+ k� �

X

E2�iD

1

hE

ngpX

i=1

[[[u]][[v]]] |piwi, (2.3)

and

lUI
h (v) =

X

⌦e2Th

Z

⌦e

f · v dx+ ✓ 2µ
X

E2�D

Z

E
(g ⌦ n) : " (v) ds

+ ✓ �
X

E2�D

ngpX

i=1

[(g ⌦ n) : (r · v 1)] |piwi

+ kµ µ
X

E2�D

1

hE

Z

E
(g ⌦ n) : (v ⌦ n) ds

+ k� �
X

E2�D

1

hE

ngpX

i=1

[(g · n) (v · n)] |piwi +
X

E2�N

Z

E
h · v ds. (2.4)

The standard IP formulation is recovered by integrating fully in all terms (i.e.
reverting to ngp = 2), in which case ✓ = 1 gives the NIPG method, ✓ = �1 gives
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and
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The standard IP formulation is recovered by integrating fully in all terms (i.e.
reverting to ngp = 2), in which case ✓ = 1 gives the NIPG method, ✓ = �1 gives

standard formulation:
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V = P1 (⌦e) for simplicial elements and V = Q1 (⌦e) for quadrilateral or hexahedral
elements, and define the DG solution space

Vh =
h
v 2

⇥
L2 (⌦)

⇤d
: v|⌦e 2 Vd

8 ⌦e 2 Th

i
, (2.2)

where Vh ⇢

⇥
H1 (Th)

⇤d
.

2.3. Modified IP formulation. In the general formulation presented in [6],
which expresses three IP methods, selected edge terms are under-integrated (indicated
below by a summation over the Gauss points, pi, for i = 1, ..., ngp, with wi referring to
the corresponding weighting value). With the context here being the use of bilinear
elements, the appropriate under-integration employs a single Gauss point (that is,
ngp = 1).

While the technique of under-integration (or SRI) has long been used in other
contexts to eliminate locking, such as in the case of the standard Galerkin method with
low-order elements, it has typically been used on integrals on element domains, while
in the formulation of [6] it is used in integrals on element edges only. (Hansbo and
Larson [8] use a similar application of under-integration on an edge-based stabilization
term in their formulation for triangular elements, relaxing what would be otherwise
be a severely constraining term.)
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The standard IP formulation is recovered by integrating fully in all terms (i.e.
reverting to ngp = 2), in which case ✓ = 1 gives the NIPG method, ✓ = �1 gives

NIPG:
SIPG:
IIPG:

✓ = 1

✓ = �1

✓ = 0
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The governing equation of the system is the equilibrium equation

�div � (u) = f in ⌦, (2.1a)

and the boundary conditions are

u = g on �D, (2.1b)

� (u)n = h on �N . (2.1c)

The Lamé parameters � and µ are assumed to be positive, and can be expressed
in terms of the Young’s modulus, E, and Poisson’s ratio, ⌫, by

� =
E⌫

(1 + ⌫) (1 � 2⌫)
, µ =

E

2 (1 + ⌫)
.

As ⌫ !

1
2 , which corresponds to the incompressible limit, so � ! 1.

2.2. The discontinuous Galerkin framework. The domain ⌦ ⇢ Rd (d = 2, 3) ,
is partitioned into a mesh of regular elements ⌦e, where Th = {⌦e}. Define he : =
diam (⌦e), and h := max⌦e2Th (he). The outward unit normal of ⌦e is denoted by ne.

In the following, all definitions and notation are given for d = 2, but are equally
applicable to d = 3 if “edge” is replaced with “face” in each instance.

Each element has a boundary @⌦e, consisting of edges E. Define hE := diam (E).
The union of all edges lying in the interior of the domain, rather than on the

boundary, will be denoted by �int. Define �iD := �int [ �D.
By abuse of notation, any symbol denoting a union of edges will also denote the

corresponding set of edges.
Use will also be made of the discrete Sobolev space

H1 (Th) :=
�
v 2 L2 (⌦) : v|⌦e 2 H1 (⌦e) 8 ⌦e 2 Th

 
,

which is defined such that functions contained in it are not necessarily continuous
across element edges. This introduces flexibility into the solution functions in this
space. Some kind of weak continuity is nevertheless required between neighbouring
elements, and common functions on �int that provide such continuity are the jumps
and averages across edges. For a vector v and a tensor ⌧ , on �ef , the jumps are
defined as

bbvcc := ve ⌦ ne + vf ⌦ nf , bb⌧ cc := ⌧ ene + ⌧ fnf

and [[v]] := ve · ne + vf · nf

and the averages are defined as

{{v}} := 1
2 (ve + vf ), {{⌧}} := 1

2 (⌧ e + ⌧ f ).

The same notation used in reference to boundary edges is defined by

bbvcc = v ⌦ n, bb⌧ cc = ⌧n,

[[v]] = v · n,

{{v}} = v, {{⌧}} = ⌧ .

With P1 (⌦) the space of polynomials on ⌦ of maximum total degree one, and
Q1 (⌦) the space of polynomials on ⌦ with maximum degree one in each variable, let

❖ GRIESHABER, MCB, REDDY (ACCEPTED), SINUM
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Fig. 3.4: Cook membrane with boundary conditions

(a) NIPG (b) IIPG (c) SIPG

Fig. 3.5: Cook membrane: deformed mesh when low-order triangular elements are
used with the IP methods (solid colour represents the exact solution). ⌫ =
0.49995.

some results published in [6].)
Finally, a three-dimensional example illustrating the potential of the new formu-

lation is that of a linear elastic unit cube [0, 1]3, with E = 15 ⇥ 106, fixed on all its
faces and subjected to an internal body force f :

f1 = µ⇡2


(9 cos 2⇡x � 5) (sin 2⇡y sin⇡z � sin⇡y sin 2⇡z) +

3

1 + �
sin⇡x sin⇡y sin⇡z

�

+ (µ+ �)⇡2 (sin⇡x sin⇡y sin⇡z � cos⇡x cos⇡y sin⇡z � cos⇡x sin⇡y cos⇡z) ,

f2 = µ⇡2


(9 cos 2⇡y � 5) (sin 2⇡z sin⇡x � sin⇡z sin 2⇡x) +

3

1 + �
sin⇡x sin⇡y sin⇡z

�

+ (µ+ �)⇡2 (sin⇡x sin⇡y sin⇡z � cos⇡x cos⇡y sin⇡z � sin⇡x cos⇡y cos⇡z) ,

f3 = µ⇡2


(9 cos 2⇡z � 5) (sin 2⇡x sin⇡y � sin⇡x sin 2⇡y) +

3

1 + �
sin⇡x sin⇡y sin⇡z

�

+ (µ+ �)⇡2 (sin⇡x sin⇡y sin⇡z � cos⇡x sin⇡y cos⇡z � sin⇡x cos⇡y cos⇡z) .

(This is an extension of a two-dimensional example given in [1], of a square plate

locking-free response for triangular elements
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(a) NIPG (b) IIPG (c) SIPG

Fig. 3.6: Cook membrane: deformed mesh when low-order rectangular elements are
used with the IP methods (solid colour represents the exact solution). ⌫ =
0.49995.

Fig. 3.7: T-shaped bracket with boundary conditions

subjected to a trigonometric body force.) The exact solution, given in [6], is illus-
trated in Figure 3.12a. Both the standard IIPG and standard SIPG methods produce
locking-type behaviour (Figures 3.12c and 3.12d, and Figures 3.14c and 3.14e). With
the standard NIPG method, the result (Figures 3.12b and 3.14a) looks relatively good
when compared with the exact solution; however, convergence data given in [6] indi-
cates that this performance diminishes on refinement and is therefore unreliable. With
the new formulation, there is no evidence of locking with any of the three methods
(Figure 3.13, and Figures 3.14b, 3.14d and 3.14f).

locking  for quadrilateral element
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Fig. 3.4: Cook membrane with boundary conditions

(a) NIPG (b) IIPG (c) SIPG

Fig. 3.5: Cook membrane: deformed mesh when low-order triangular elements are
used with the IP methods (solid colour represents the exact solution). ⌫ =
0.49995.

some results published in [6].)
Finally, a three-dimensional example illustrating the potential of the new formu-

lation is that of a linear elastic unit cube [0, 1]3, with E = 15 ⇥ 106, fixed on all its
faces and subjected to an internal body force f :

f1 = µ⇡2


(9 cos 2⇡x � 5) (sin 2⇡y sin⇡z � sin⇡y sin 2⇡z) +

3

1 + �
sin⇡x sin⇡y sin⇡z
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+ (µ+ �)⇡2 (sin⇡x sin⇡y sin⇡z � cos⇡x cos⇡y sin⇡z � cos⇡x sin⇡y cos⇡z) ,
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(9 cos 2⇡y � 5) (sin 2⇡z sin⇡x � sin⇡z sin 2⇡x) +
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1 + �
sin⇡x sin⇡y sin⇡z

�

+ (µ+ �)⇡2 (sin⇡x sin⇡y sin⇡z � cos⇡x cos⇡y sin⇡z � sin⇡x cos⇡y cos⇡z) ,

f3 = µ⇡2


(9 cos 2⇡z � 5) (sin 2⇡x sin⇡y � sin⇡x sin 2⇡y) +

3

1 + �
sin⇡x sin⇡y sin⇡z

�

+ (µ+ �)⇡2 (sin⇡x sin⇡y sin⇡z � cos⇡x sin⇡y cos⇡z � sin⇡x cos⇡y cos⇡z) .

(This is an extension of a two-dimensional example given in [1], of a square plate
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Figure 4: Cook membrane with boundary conditions

(a) NIPG (b) IIPG (c) SIPG

Figure 5: Cook membrane: deformed mesh when low-order triangular ele-
ments are used with the IP methods (solid colour represents the
exact solution). ⌫ = 0.49995.

The T-shaped bracket depicted in Figure 7 is constrained in one direction
only on each relevant (semi-fixed) edge, and subjected to a uniform pressure
of p = 6000 on the top edge. Here, E = 55⇥106, and plane strain conditions
apply. Figure 8 shows the poor approximations obtained using the three
standard IP methods, with clear evidence of locking; in contrast, in Figure
9 the approximations using corresponding three new methods are very good.

Secondly, the Cook membrane example discussed in §3.1 is solved using
the new formulation with the same, isotropically-refined mesh (Figure 10),
as well as with skewed and unstructured meshes (Figure 11). In contrast
to the under-performance seen earlier in Figure 6, the results using the new
formulation are locking-free with all three methods for all mesh types. Table
1 gives a comparison of tip displacement values for a variety of meshes and
methods, providing convergence data as well as a quantification of the new
formulation’s performance, showing that it is e↵ective in producing accurate
approximations. (This table includes, for ease of comparison, some results
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✓ = �1 gives SIPG, and ✓ = 0 gives IIPG. (The original methods do not in
all cases contain the stabilization terms included here.)

We seek uh 2 Vh such that, for all v 2 Vh,

aUI
h (uh,v) = lUI

h (v) . (5)

As in the original IP methods, both Dirichlet and Neumann boundary
conditions, (1b) and (1c), are imposed weakly through this formulation.

3 Numerical examples

3.1 Results using the standard IP methods: comparison of

triangular elements with quadrilateral elements

Two simple, two-dimensional model problems su�ce to illustrate the dis-
crepancy in performance of the original IP methods between using low-order
(linear) triangular elements — the approach studied in [14], [15], [6], [7], and
[2] — and using low-order (bilinear) quadrilateral elements.

Plane strain conditions apply in both cases, and Poisson’s ratio is set to
⌫ = 0.49995. The stabilization parameters are set at kµ = k� = 10, except
in the case of NIPG, in which k� = 0. SI units are used.

The first model problem is of a square cantilever beam in two dimensions,
depicted in Figure 1. The beam, with E = 15000, is subjected to a linearly
varying force on the free end, with the maximum value f = 3000. Figure
2 shows the locking-free results when linear triangular elements are used.
With bilinear rectangular elements however (Figure 3), there is severe under-
displacement and distortion.

Figure 1: Cantilever beam with boundary conditions

The second example, depicted in Figure 4, is the well-known benchmark
problem, the Cook membrane (in two dimensions): a tapered panel, fixed
on one edge, is subjected to a uniformly distributed shear force of 100 on
the opposite edge. Here, E = 250.
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(a) Modified SIPG

(b) Modified IIPG

Fig. 5.6: Cook membrane: deformed mesh when low-order quadrilateral elements are
used with the new formulation (solid colour represents the exact solution),
using skewed and unstructured meshes. ⌫ = 0.49995.

simplicial (linear) elements. We have shown that specifically in the case of quadri-
lateral, bilinear elements three common variants of the method perform poorly. As a
remedy, we have presented a new formulation that incorporates under-integration in
specific terms.

The convergence analysis shows that for two- and three-dimensional domains with
mixed Dirichlet and Neumann boundary conditions the new formulation produces
optimal, uniform convergence with respect to the compressibility parameter, when
low-order rectangular elements are used. Numerical results support these predictions.

The formulation thus fills a gap in the range of DG methods that are e↵ective for
solving problems in near-incompressible elasticity. While this work has been primarily
concerned with the case of rectangular elements, computational results indicate that
this method is locking-free for quadrilaterals as well. A significant extension to this
work would be a corresponding analysis of the method for the general case.
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again ⌫ = 0.49995.

Fig. 5.5: Cook membrane with boundary conditions

This boundary value problem is solved here using skewed and unstructured meshes.

neps SG SG Q2 NIPG — UI IIPG — UI SIPG — UI
Skewed mesh
4 1.3855 5.99901 2.07077 4.67802 2.08011 4.6961 2.21427 4.72803
8 1.95749 7.06822 2.12496 6.13406 2.08011 4.6961 2.21427 4.72803
16 2.01279 7.49608 2.24957 7.14275 2.15449 7.14171 2.28465 7.14403
32 2.19539 7.64827 2.633127 7.54839 2.38855 7.54625 2.50211 7.54509
Unstructured mesh
32 3.054 7.66333 5.44538 7.61069 4.42923 7.60888 4.5467 7.60599

Table 5.1: Cook membrane tip displacement (top right corner) with various methods:
“SG Q2” refers to the SG method with Q2 elements; “—UI” indicates
the method to the left, with under-integration. Results of two mesh types
are shown, with the number of elements per side (neps) as listed. For
comparison, SG with Q2 elements on a highly refined mesh (isotropically
refined, with 256 elements per side) produces a tip displacement of 7.75928.

The deformed shapes depicted in Figure 5.6 as well as the tip displacement val-
ues given in Table 5.1 show the accuracy of the approximations produced with our
formulation. The table also contrasts the results obtained using the new formulation
to those obtained with the original IP methods.

6. Conclusions. While primal DG IP methods are useful for compressible elas-
tic materials, their e↵ectiveness with low-order approximations for nearly incompress-
ible materials (that is, uniform convergence of the methods) has been proven only with

locking-free response for 
quadrilateral elements 
using modified 
formulation

vertical deflection of point A

A



3D CUBE SUBJECT TO BODY FORCE

❖ GRIESHABER, MCB, REDDY (IN REVIEW)
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(a) Exact solution (b) Modified NIPG

(c) Modified IIPG (d) Modified SIPG

Figure 13: Unit cube: diagonal slice of deformed mesh (a) for the exact
solution; (b) - (d) when low-order hexahedral elements are used
with the new formulation. ⌫ = 0.49995. (Displacement has been
scaled down to 10% for clearer visualisation.)

locking-free response for 
quadrilateral elements using 

modified formulation
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(a) Exact solution (b) NIPG

(c) IIPG (d) SIPG

Figure 12: Unit cube: diagonal slice of deformed mesh (a) for the exact
solution; (b) - (d) when low-order hexahedral elements are used
with the IP methods. ⌫ = 0.49995. (Displacement has been
scaled down to 10% for clearer visualisation.)

locking  for quadrilateral element

convergence deteriorates 
upon refinement 



APPLICATIONS OF THIN SHELL THEORY IN BIOMECHANICS

(a) State A (b) State B (c) State C

Figure 6: Stepping through the arterial clamping states from an indentation depth of 0.0 to 2.5mm

(a) Fibre angle β = 10o (b) Fibre angle β = 40o

Figure 7: Comparison between 2.5mm clamped result using the fibre family orientation in the media
and adventita respectively. The arterial layers are overlayed with a wire-mesh showing the
isotropic result

in the clamped artery in accordance with the behaviour shown by [2].

5.2 The aortic heart valve
Figure 8(b) shows the structure and location of the aortic heart valve. It can be seen to consist
of three leaflets and three, somewhat bulging, regions behind them, known as the sinuses of
Valsalva. The leaflets undergo large deflections during the processes of diastole and systole.

Koch [6] performed a comparative analysis on linear elastic and hyperelastic materials, with
and without anisotropy, using a three-dimensional model. Cacciola in [7] had carried out a
three–dimensional linear elastic analysis with truss elements to mimic the fibres. The objective
of this approach was to correlate qualitively the valve leaflet response with that of other studies
and to gauge the effect of including an appropriately specified fibre component to the leaflet
model.

Using the methodology from [8], the leaflet model geometry can be constructed by taking a
section of a cylinder as illustrated in Figure 9(a). The parabolic curve of the leaflet geometry

5 Biomedical applications
5.1 Surgical arterial clamping
During surgery arterial clamps are an essential means to arrest the flow of blood.

The choice of clamp is important to its efficiency in terms of restricting blood flow as well as
in bringing about minimal harm to the tissue. Gasser et al. [2] modelled this problem using a
three-dimensional finite element model, modelling the artery as a nonlinear material with two
layers and reinforced by two helical families of fibres.

The objective is to qualitively replicate the results achieved by [2] using our small-strain shell
formulation. For the purposes of this analysis the properties in the two layers had to be
smoothed. We also investigated the effects of anisotropy by modelling the artery with and
without helical fibres, and varying the angle of these fibre families.

The flow of blood is represented by an internal pressure acting normal to the shell surface. We
assume near-incompressibility and use a value of Poisson’s ratio of ν = 0.49. From the data
pertaining to the two arterial layers in [2], a shell thickness of h = 0.74mm, averaged Young’s
modulus of E = 56.3 kPa, blood pressure of 13.33 kPa and an artery radius of R = 3.5mm
are used.

Figure 5 shows the initially pressurised artery followed by its state after the maximum pre-
scribed clamp indentation. Six clamping states were considered ranging from an indentation

(a) Pre-clamping configuration (b) Post-clamping configuration

Figure 5: Demonstration of the clamping setup as performed in this study

depth of 0mm − 2.5mm. The images in Figure 6 show the results obtained for three of these
clamping states. The colour distribution shows variation in vertical displacement. The defor-
mations to the artery model, shown stage by stage, compare well with those obtained by [2].

Using a clamp indentation depth of 2.5mm the effect of anisotropy was tested. Gasser et al.
[2] used two different families of helical fibres for each arterial layer, β = 10 o and β = 40 o

respectively. The constant k1 in equation (25) was determined by suitably averaging the values
for each layer in [2]. The effects of the fibre inclusion are clearly visible in Figure 7.

The steeper angle out of the two helical fibre families seemed to restrict the displacements seen

OR HOW TO TRICK DEAL.II TO HANDLE LOWER-DIMENSIONAL MANIFOLDS PRIOR TO 
CODIMENSION ONE AND MANIFOLDS

๏  Treat the 3D body as a 2D surface with a director at each point

๏ Formulate problem in terms of quantities averaged through the 
thickness (see SIMO & FOX)

๏ SRI through the thickness to prevent membrane locking

๏ account for transverse isotropy and incompressibility 

aortic clamping

artificial 
heart valves
❖ Bartle (2009) MSc



PATIENT-SPECIFIC FSI FOR VASCULAR ACCESS IN HAEMODIALYSIS PATIENTS

๏Resulting flow rates up to 30 times 
physiological norms

๏ Flow in vein significantly altered
๏Repeated needling leads to pseudo 

aneurysms 

Objective:
๏Develop a patient specific FSI 

model of arteriovenous vascular 
access configurations, verified by 
in vivo MRI data

❖ de Villiers (current) PhD



FSI MODEL

Navier-Stokes in ALE setting

Balance linear momentum (solid)

Transverse isotropy

Harmonic mesh motion❖ WICK (2011) FLUID-STRUCTURE INTERACTIONS USING 
DIFFERENT MESH MOTION TECHNIQUES. COMPUTERS & 
STRUCTURES

❖ WICK (2013). SOLVING MONOLITHIC FLUID-STRUCTURE 
INTERACTION PROBLEMS IN ARBITRARY LAGRANGIAN 
EULERIAN CO-ORDINATES WITH THE DEAL.II LIBRARY.  
ARCHIVE OF NUMERICAL SOFTWARE



VALIDATION AND EXTENSIONS

๏Extended model to 3D
๏Parallel direct solver (SuperLU)
๏Windkessel outlet boundary 

condition for physiologically 
meaningful flow split

Incompressible finite elasticity 
with transverse isotropy

Turek flag



CURRENT STATE: CFD MODEL

simpleware + ANSA



๏Surfaces behave differently from the bulk
๏ broken bonds on surface, coatings, oxidation, …

๏Are surface effects significant?
๏Objective: capture surface effects within a continuum model
๏ accounting for surface using surface elasticity theory of GURTIN & MURDOCH 

(1975)
๏ solid and fluid-like surfaces
๏ fully nonlinear theory
๏ to provide details of numerical implementation
๏ generally restricted to linear theory

SURFACE ELASTICITY

/
b 
 

dA
dV

surface energy 

bulk energy 

surface tension H20 carbon nanotubes 
❖ JAVILI, MCB, STEINMANN & REDDY (2014), COMP MECH

❖ SURFACE ELASTICITY ON bitbucket.org

❖ Davydov, Javili, Steinmann, McB (2013), in Surface Effects in Solid Mechanics 

http://bitbucket.org


KINEMATICS OF SURFACE ELASTICITY

๏Surface is coherent:
๏Surface deformation gradient is rank deficient
๏ inverse defined via relations:

b' = '|@B0

bf · bF = bI =: I �N ⌦N and bF · bf = bi =: i� n⌦ n .

Figure 5: The material and spatial configurations of a continuum body and its boundary and the associated deformation maps and deformation
gradients.

counterparts, and their matrix representation is a 2 ⇥ 2 matrix with 1 in the diagonal entries and 0 elsewhere. 2

2.3.1. Kinematics of the bulk

A material line element in the bulk dX 2 TB0 is mapped to the corresponding spatial line element dx 2 TBt via

the deformation gradient F. The inverse of the deformation gradient is denoted as f = F

�1 and maps dx to dX, i.e.

dX = f · dx. We define the natural configuration B2 as a reference configuration. A material line element dX 2 TB0

is mapped to the corresponding reference line element d⇠ 2 TB2 via the linear map K = J

�1. Clearly J maps d⇠ to

dX via dX = J · d⇠. Similar to the material configuration, the mappings between the spatial line element dx and the

reference line element d⇠ 2 TB2 are: dx = j · d⇠ and d⇠ = j

�1 · dx = k · dx. The deformation gradient F can be

multiplicatively decomposed into the mapping from the material configuration to the reference configuration and from

the reference configuration to the spatial configuration, i.e. F = j · J�1 = j · K and analogously f = J · j

�1 = J · k.

Finally, an infinitesimal volume element in the material configuration dV is mapped to dv, the infinitesimal volume

element in the spatial configuration, via the determinant of the deformation gradient, i.e. dv = Det F dV . The main

concepts and definitions of the kinematics of the bulk are gathered in Summary 3.

2.3.2. Kinematics of the surface

A material line element on the surface dbX 2 TS0 is mapped to the corresponding spatial line element dbx 2 TSt

via the surface deformation gradient bF. The inverse of the rank-deficient surface deformation gradient is denoted by

b
f and maps dbx to dbX, i.e. dbX = bf · dbx. The relation of bF to its inversebf is defined as follows

b
f · bF =bI and b

F ·bf =bi .
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tensor, not necessarily tangential or superficial to the surface. The (conventional) identity tensor in
E3 is denoted as i in the spatial configuration and I in the material configuration. In what follows
the identity tensors i and I are understood as the conventional identity tensors in E3, i.e. their
matrix representation would be a 3 ⇥ 3 matrix with 1 in the main diagonal entries and 0 elsewhere.
Although these identity tensors are invariant and i = I, we use di↵erent letters to indicate explicitly
which configuration they belong to.
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The objective of this section is to recall briefly the problem of surface elasticity at finite deformations.
For additional details the reader is referred to Gurtin and Murdoch (1975); Javili et al. (2013a,b),
among others.

2.1 Kinematics

Consider a continuum body that takes the material configuration B0 at time t = t0 and is mapped
via the (volume) non-linear deformation map ' to the spatial configuration Bt at time t > 0, as
shown in Fig. 1. Material points in the material and spatial configurations are denoted X and
x, respectively. The associated linear deformation map, i.e. the (volume) deformation gradient, is
denoted by F := @x/@X = gi ⌦ G

i, and maps material line elements dX 2 TB0 (tangent to B0) to
spatial line elements dx 2 TBt via the relation dx = F ·dX. The co- and contravariant basis vectors
in the material and spatial configurations are denoted Gi and g

i, respectively. The displacement of
a material point is denoted u = '(X, t)�X. The volume deformation gradient F is rank-su�cient
with inverse f := @X/@x = Gi ⌦ g

i. The determinant of the deformation gradient and its inverse
are given by J = det F > 0 and j = det f = 1/J > 0, respectively.

Let S0 and St denote the surface of the continuum body in the material and spatial configurations,
respectively. The outward unit normals to S0 and St are denoted N and n, respectively. Material
particles on the surface are denoted c

X in the material configuration and are attached to the volume,
i.e. c

X = X|@B
0

. Consequently, S0 = @B0. Furthermore, we assume that the surface is material
in the sense that it is permanently attached to the substrate (i.e. the boundary of the volume).
Therefore St = @Bt and b

x = x|@Bt . This assumption implies that the motion of the surface b
' is the

restriction of the volume motion ' to the surface, i.e. b
' = '|@B

0

.
Material line elements on the surface in the material and spatial configurations are denoted

dc
X 2 TS0 and db

x 2 TSt, respectively, and are related as db
x = b

F · dc
X, where b

F := @b
x/@c

X =
b
g↵ ⌦ b

G

↵ denotes the rank-deficient, and thus non-invertible, surface deformation gradient. The co-
and contravariant surface basis vectors in the material and spatial configurations are denoted b

G↵

and b
g

↵, respectively. Various key concepts from di↵erential geometry are given in Summary 1. The
inverse deformation gradient b

f is defined by b
f := @c

X/@b
x = b

G↵ ⌦ b
g

↵ and is related to the surface
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GOVERNING EQUATIONS

Figure 5: The material and spatial configurations of a continuum body and its boundary and the associated deformation maps and deformation
gradients.

counterparts, and their matrix representation is a 2 ⇥ 2 matrix with 1 in the diagonal entries and 0 elsewhere. 2

2.3.1. Kinematics of the bulk

A material line element in the bulk dX 2 TB0 is mapped to the corresponding spatial line element dx 2 TBt via

the deformation gradient F. The inverse of the deformation gradient is denoted as f = F

�1 and maps dx to dX, i.e.

dX = f · dx. We define the natural configuration B2 as a reference configuration. A material line element dX 2 TB0

is mapped to the corresponding reference line element d⇠ 2 TB2 via the linear map K = J

�1. Clearly J maps d⇠ to

dX via dX = J · d⇠. Similar to the material configuration, the mappings between the spatial line element dx and the

reference line element d⇠ 2 TB2 are: dx = j · d⇠ and d⇠ = j

�1 · dx = k · dx. The deformation gradient F can be

multiplicatively decomposed into the mapping from the material configuration to the reference configuration and from

the reference configuration to the spatial configuration, i.e. F = j · J�1 = j · K and analogously f = J · j

�1 = J · k.

Finally, an infinitesimal volume element in the material configuration dV is mapped to dv, the infinitesimal volume

element in the spatial configuration, via the determinant of the deformation gradient, i.e. dv = Det F dV . The main

concepts and definitions of the kinematics of the bulk are gathered in Summary 3.

2.3.2. Kinematics of the surface

A material line element on the surface dbX 2 TS0 is mapped to the corresponding spatial line element dbx 2 TSt

via the surface deformation gradient bF. The inverse of the rank-deficient surface deformation gradient is denoted by

b
f and maps dbx to dbX, i.e. dbX = bf · dbx. The relation of bF to its inversebf is defined as follows

b
f · bF =bI and b

F ·bf =bi .
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Summary 5 Governing equations.

Strong form:

balance of linear momentum balance of angular momentum
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
DivP + b

p
0 = 0 , F · Pt = P · Ft in B0

dDivbP +bbp
0 � P · N = 0 , b

F · bPt = bP · bFt on S0

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
Weak form:

Z

B0

P : Grad�' dV +
Z

S0

b
P : dGrad�b' dA

�
Z

B0

�' · bp
0 dV �

Z

SN
0

�b' ·bbp
0 dA = 0 8�' 2 H1

0 (B0) , 8�b' 2 H1
0 (S0)

2.5. Constitutive relations

An isotropic hyperelastic material model is assumed for the constitutive response of the bulk (see Summary 6).

The free energy  =  (F) is parametrized by the Lamé moduli � and µ. An evaluation of the first Piola–Kirchho↵

stress P := @ /@F and the Piola stress tangent := @2 /@F@F requires knowledge of the deformation gradient F

and its inverse f .

The constitutive relation on the surface is chosen to mimic that in the bulk (see Summary 7). In addition to a neo-

Hookean type hyperelastic response, the surface free energy b = b (bF) accounts for surface tension via the parameter

b�. The contribution of surface tension renders the surface free energy non-zero in the material configuration.

The vast majority of models of surface elasticity presented in the literature are restricted to the linear theory. Care

must be taken when linearizing the full theory. In particular, the surface linear strain tensor is not the symmetric part

of the surface displacement gradient. The linear theory is given in Summaries 8 and 9.

14

Summary 5 Governing equations.

Strong form:

balance of linear momentum balance of angular momentum
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
DivP + b

p
0 = 0 , F · Pt = P · Ft in B0

dDivbP +bbp
0 � P · N = 0 , b

F · bPt = bP · bFt on S0

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
Weak form:

Z

B0

P : Grad�' dV +
Z

S0

b
P : dGrad�b' dA

�
Z

B0

�' · bp
0 dV �

Z

SN
0

�b' ·bbp
0 dA = 0 8�' 2 H1

0 (B0) , 8�b' 2 H1
0 (S0)

2.5. Constitutive relations

An isotropic hyperelastic material model is assumed for the constitutive response of the bulk (see Summary 6).
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surface divergence theoremZ

S0

dDiv {b• } dA =
Z

C0

{b• } · bN dL �
Z

S0

bC {b• } · N dA bP · N = 0
superficial tensor

bC = �dDivN

twice mean surface curvature



CONSTITUTIVE RELATIONS 
Summary 6 Hyperelastic material model for the bulk

J := DetF : Jacobian determinant µ , � : Lamé constants

Free energy  (F) = 1
2 � ln2 J + 1

2 µ [F : F � 3 � 2 ln J]

Piola stress P(F) =
@ 

@F
= � ln J f

t + µ [F � f

t]

Piola stress tangent (F) =
@P

@F
= � [ f

t ⌦ f

t + ln J ] + µ [ � ]

:=
@ f

t

@F
= � f

t ⌦ f , :=
@F

@F
= i⌦ I

Summary 7 Hyperelastic material model for the surface

bJ :=dDetbF : Surface Jacobian determinant bµ ,b� : Surface Lamé constants b� : Surface tension

Surface Free energy b (bF) = 1
2
b� ln2 bJ + 1

2 bµ [bF : bF � 2 � 2 ln bJ] +b� bJ

Surface Piola stress b
P(bF) =

@b 
@bF
=b� ln bJ bf t +bµ [bF �bf t] +b� bJ bf t

Surface Piola stress tangent b(bF) =
@bP
@bF
=b� [bf t ⌦bf t + ln bJ b] +bµ [b� b] +b� bJ [bf t ⌦bf t + b]

b :=
@bf t

@bF
= �bf t ⌦bf + [i �bi]⌦ [bf ·bf t] , b :=

@bF
@bF
= i⌦bI
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NUMERICAL IMPLEMENTATION
๏manifolds: set of routines to compute on lower-dimensional manifolds 

(surface) embedded in higher-dimensional space
๏ independent volume and surface meshes, dof linked via map
๏ coherent surface: surface dof are not independent 
๏ large portions of user code parallelized (shared) using TBB
๏Newton-Raphson strategy with exact tangent computation
๏Q1 elements in volume and on surface
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๏Membrane with surface tension 
acting in material configuration

๏Volume with vanishing strength
๏ Incrementally increase surface 

tension

Summary 6 Hyperelastic material model for the bulk

J := DetF : Jacobian determinant µ , � : Lamé constants

Free energy  (F) = 1
2 � ln2 J + 1

2 µ [F : F � 3 � 2 ln J]

Piola stress P(F) =
@ 

@F
= � ln J f

t + µ [F � f

t]

Piola stress tangent (F) =
@P

@F
= � [ f

t ⌦ f

t + ln J ] + µ [ � ]

:=
@ f

t

@F
= � f

t ⌦ f , :=
@F

@F
= i⌦ I

Summary 7 Hyperelastic material model for the surface

bJ :=dDetbF : Surface Jacobian determinant bµ ,b� : Surface Lamé constants b� : Surface tension

Surface Free energy b (bF) = 1
2
b� ln2 bJ + 1

2 bµ [bF : bF � 2 � 2 ln bJ] +b� bJ

Surface Piola stress b
P(bF) =

@b 
@bF
=b� ln bJ bf t +bµ [bF �bf t] +b� bJ bf t

Surface Piola stress tangent b(bF) =
@bP
@bF
=b� [bf t ⌦bf t + ln bJ b] +bµ [b� b] +b� bJ [bf t ⌦bf t + b]

b :=
@bf t

@bF
= �bf t ⌦bf + [i �bi]⌦ [bf ·bf t] , b :=

@bF
@bF
= i⌦bI
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EXAMPLE PROBLEM: SURFACE TENSION
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EXAMPLE PROBLEM: SMALL STRUCTURES
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N the solid fraction,   φ  , after compression close to 1. By contrast, 

the volume of the composite sample changed only slightly. 
For a compressive strain of  − 0.71, we found  ∆  V / V  0   ≈   − 0.03  ±  
0.01 for diameter of 150 nm and  − 0.046  ±  0.01 for diameter of 
50 nm. A similar volume change,  − 0.025  ±  0.01 is found for 
the pure epoxy sample. The slight decrease of the composites’ 
macro scopic volume may be understood as the result of the 
rearrangement of polymer chains under compressive stress. [  27  ]  

 Comparison with the data for pure epoxy in Figure  3  sug-
gests that the presence of a yield point in the composite refl ects 
a property of the polymer component. Most importantly, the 
compression data confi rms the trends from the hardness tests, 
in particular: i) the strengths of both, npg and composite sam-
ples, increase with decreasing  L  and ii), the composite material 
at any value of  L  is much stronger than each of its constituents. 

 Figure  1 c,d show cross-sectional SEM images of npg and 
composite samples, respectively, after compression. The 
cross-sectional surface of compressed npg was obtained by 
bending the sample (after the compression test) with the help 
of tweezers, inducing brittle fracture. Due to their ductility, the 
composite samples could not be fractured in this way and had 
to be cut. It is apparent that the metallic ligaments have not 
failed during the compression tests. This is consistent with the 
notion of ductile deformation at the nanoscale. The fi gure also 
suggests that impregnation with polymer changes the mode 
of deformation of the metal. Similar to a conventional metal 
foam, [  22  ]  the pure nanoporous metal may deform at low stress 
by local bending of the ligaments. The ensuing densifi cation is 
apparent when Figure  1 c is compared with Figure S1 in the Sup-
porting Information. In contrast to the pure porous metal case, 
the embedding in a composite matrix forces the ligaments to 
strain along with an essentially volume-conserving macroscopic 
fl ow fi eld. This emphasizes axial elongation or shortening of 
ligaments as the local deformation modes, as supported by the 
horizontal texture and the elongated aspect of the ligaments in 
Figure  1 d. As compared to bending, the deformation by elonga-
tion or compression may require larger local stresses in the lig-
aments, enhancing the macroscopic strength of the composite. 

 As a qualitative test of tensile ductility we performed a 3-point 
bending experiment with the native npg and the composite 
material. Photographs of the as-tested samples are shown in 
 Figure    4  . In striking contrast to the brittle fracture of native npg 

 Figure S2a,b in the Supporting Information show optical 
micrographs of indents in npg and composite. While cracks 
surround the indents in npg, those of the composite are free 
of cracks.   

 Figure 3   shows graphs of true stress versus true (compres-
sive) strain from compression tests on millimeter-sized sam-
ples at strain rate 10  − 4  s  − 1  (see also tabulated data in the Sup-
porting Information). Composite samples with  L   =  15 nm typi-
cally fail at lesser strain than those with larger ligaments, and 
also exhibit a somewhat larger sample-to-sample scatter in yield 
stress. However, it is apparent that all of the materials exhibit 
excellent deformability in compression. For the npg samples, 
the yield stress is not resolved, and the plastic fl ow behavior 
is characterized by a continuously increasing fl ow stress, for 
instance from an initial  ≈ 1 MPa to  > 150 MPa for  L   =  150 nm 
samples. The absence of transverse plastic fl ow, which under-
lies the work hardening, [  20  ]  is illustrated by the images of npg 
before and after compression, see inset in Figure  3 .  

 The most obvious features of the compressive stress–strain 
curve for the composite in Figure  3  are the appearance of a yield 
point for the  L   =  50 and 150 nm samples and a drastic reduc-
tion in work hardening. While the work hardening index varies 
between  n   =  1 and 0.5 for npg samples in the course of the com-
pression test, the  n -values for the composite samples for strains 
suffi ciently beyond the yield point are much smaller, never 
exceeding 6  ×  10  − 2  for  L   =  15 nm and 4  ×  10  − 3  for the larger  L . 

 Consistent with our expectation, the change,  ∆  V , in macro-
scopic volume is suppressed in the composites. The native npg 
samples exhibit relative volume shrinkage (density increase) of 
 ∆  V / V   ≈   − 0.62  ±  0.05 for  L   =  150 nm and  ∆  V / V   ≈   − 0.72  ±  0.04 
for  L   =  50 nm during an engineering strain of  − 0.70, bringing 

     Figure  3 .     Results of compression tests on cuboid samples of initial 
dimension  ≈ 1 mm  ×  1 mm  ×  1.5 mm. The main graph shows mean true 
compressive stress versus engineering strain, with the true strain shown 
on the top abscissa. Tests were performed to an engineering strain of 
0.7, corresponding to nearly full density for the nanoporous gold (npg) 
samples. The inset shows side views of porous metal samples before 
(left) and after (right) compression to an engineering strain of 0.6, illus-
trating the absence of transverse plastic fl ow. Data for yield strength are 
tabulated in the Supporting Information.  

     Figure  4 .     Photographs of native npg (a) and its composite (b) after the 
three-point bending tests. Samples are shown edge-on and in top view  
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HETEROGENEOUS MATERIAL LAYERS

Objectives:
๏Describe material layers within a continuum
๏ adhesive bonding, laminated composites, geomaterials, 

masonry structures, etc.

๏Layer has distinct material properties and 
heterogeneous microstructure

๏dictate the overall response of the continuum

๏To determine the constitutive response of the layer 
using computational homogenisation
๏ accounting for in-plane deformation of layer

Author's personal copy

cohesive tractions, are related based on the underlying microstructure rather than employing an a priori constitutive
assumption, coined as a cohesive traction–separation law. On the micro scale, representative volume elements (RVE) along
the material layer advocate the heterogeneous microstructure, as illustrated in Fig. 2. Their height is directly given by the
thickness of the material layer. For the concept of representative volume elements the reader is for instance referred to Refs.
[5,28]. The micro–macro transition between the RVE and the interface is achieved based upon the averaging of the governing
kinematic, stress and energetic quantities over the respective underlying RVE. The boundary conditions stemming from the
cohesive interface at the macro level imposed on the RVE must be chosen consistently – on the one hand, they need to fulfil
the Hill condition [5], which ensures the equivalence of the macro and the micro response, whereas on the other hand, the
boundary conditions shall account for the interface geometry and capture the occurring mixed-mode (shear and tension)
deformation modes.

The homogenization approach is numerically implemented within a computational homogenization along the lines of
Refs. [9–11,20–22,24,25]. Within a geometrically nonlinear finite-element framework, we straightforwardly model the
material layer by means of cohesive interface elements situated between the adjacent bulk finite elements. With these ele-
ments, the finite-element formulation which can be found in Refs. [1,18,23,29,30,34,35,37], the constitutive relation consists
by a cohesive traction–separation law, which has traditionally been treated by a priori assumptions, as they were proposed
by Xu and Needleman [27,38]. Instead of using such constitutive assumption, we obtain the material response from compu-

Fig. 1. (a) Adhesive bonding of two solid substrates with a polymeric glue: circular uni-axial tension specimen with incompletely cured polyurethane layer
(courtesy of Gunnar Possart). (b) Material layer within geological bulk material of different properties.

Fig. 2. Heterogeneous material layer, which is shown over-sized for the sake of visibility, situated within a macro bulk material with sketches of RVEs that
are locally periodic, but may vary along the material layer.

794 C.B. Hirschberger et al. / Engineering Fracture Mechanics 76 (2009) 793–812

layer in geological material 
HIRSCHBERGER ET AL (2009)

❖ MCB, MERGHEIM, JAVILI, STEINMANN, BARGMANN (2012), JMPS



KINEMATICS OF MATERIAL LAYERS
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HOMOGENISATION 
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๏Standard approach 
๏ constitutive traction separation law* 

*see e.g. NEEDLEMAN ET AL (1987,1993), MOSLER & SCHEIDER (2011)

J'K et0constitutive law

๏Approach of HIRSCHBERGER ET AL (2009) 
๏ constitutive traction separation law replaced by micro-scale 

simulation to capture heterogeneities

microscaleJ'K et0

bP = 2bF · @bC
b 0

๏extend above using interface theory of GURTIN & MURDOCH  (1975) 
๏ interface has own energetic structures (Helmholtz energy):
๏ account for in-plane deformation

bPbF
microscale

J'K et0



MICRO-TO-MACRO TRANSITIONS
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EXAMPLE PROBLEM

๏ boundary conditions imposed via linear constraints
๏ currently solving micro-scale problem assuming 

macroscopic kinematic data
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neo-Hookean material



NUMERICAL RESULTS
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SINGLE CRYSTAL PLASTICITY

T

E = ru

S

EY

EY

Ee

E = Ee + Ep

T

T

Ep

❖ Richardson (2012), MSc

❖ POVALL (2013), MSC 

❖ POVALL, MCB, REDDY (2014), COMP MAT SCI

at time t. The body B in the reference configuration at time t0 is de-
noted by B0. The displacement u is defined by

uðX; tÞ ¼ vðX; tÞ $ X: ð1Þ

The velocity v is defined as the time rate of change of the displace-
ment, i.e.

vðX; tÞ ¼ _u: ð2Þ

The deformation gradient F is defined by

F :¼ $v ¼ @vi

@XA
ei % EA; ð3Þ

where the Jacobian J = det F is positive and ei and EA represent bases
in the current and reference configurations, respectively.

The Kröner–Lee decomposition multiplicatively splits the defor-
mation gradient into an elastic and a plastic part ([10,11]), denoted
Fe and Fp respectively, and is given by

F ¼ FeFp: ð4Þ

Consistent with the requirement that the Jacobian is positive and
that plastic deformations are volume preserving, it is assumed that

det Fe > 0 and det Fp ¼ 1: ð5Þ

The multiplicative split motivates the introduction of an intermedi-
ate configuration. From the elastic deformation gradient, the right
elastic Cauchy–Green tensor is defined by

Ce ¼ FeTFe: ð6Þ

The spatial velocity gradient L is the tensor field defined by

L ¼ $xv ¼
@v i

@xj
ei % ej ¼ Le þ FeLpFe$1

; ð7Þ

where the elastic and plastic distortion rates are respectively de-
fined as

Le ¼ _FeFe$1 and Lp ¼ _FpFp$1
: ð8Þ

Note that in (7) the plastic distortion rate Lp is pushed forward from
the intermediate (lattice) configuration into the current configura-
tion using Fe.

2.2. Slip systems and the single-crystal hypothesis

A fundamental assumption of crystal plasticity is that plastic
deformation takes place on prescribed planes. On each plane there
may be more than one possible direction of plastic flow. The set of
N slip systems is the set of planes and directions on which plastic
deformation can occur. A slip system a 2 [1, . . . ,N] is described by
two orthonormal lattice vectors: the slip direction sa and the slip
plane normal ma. Gurtin [7] argues that it is more meaningful in
a large strain setting to use the slip rate ma, rather than the slip it-
self, as the primary variable for describing the plastic deformation.
The single-crystal hypothesis states that the plastic distortion rate
Lp is composed of the sum of the slip rates on their respective slip
systems [17]

Lp ¼
X

a
masa %ma: ð9Þ

Lower-case Greek superscripts denote slip-system labels. No sum-
mation convention is used for Greek superscripts. The following
shorthand is used for the summation over slip systems:

X

a
¼
XN

a¼1

: ð10Þ

2.3. Balance relations

The quasi-static balance of linear momentum in the spatial con-
figuration is given by

divrþ b ¼ 0; ð11Þ

where the Cauchy stress r is a symmetric tensor and b is the body
force per unit current volume. The divergence of a second order ten-
sor A is defined as divA = @Aij/@xjei.

The resolved shear stress sa is an important measure in crystal
plasticity. It is defined as the Cauchy stress resolved on slip plane a
in the current configuration:

sa ¼ !sa ' r !ma; ð12Þ

where !sa and !ma are the slip directions and normals pushed forward
into the spatial configuration from the lattice configuration, i.e.

!sa ¼ Fesa and !ma ¼ Fe$T ma: ð13Þ

3. Free energy and dissipation inequality

The dissipation inequality arises from the second law of ther-
modynamics [6] and is given by

J$1 1
2

Sp : _Ce þ
X

a
sama $ J$1 _w P 0; ð14Þ

where w is the free energy and Sp is a stress measure similar to the
second Piola–Kirchhoff stress, but defined in the intermediate con-
figuration as

Sp ¼ JFe$1rFe$T: ð15Þ

It is assumed that the free energy is dependent on both the elastic
and the plastic deformation. Furthermore, it is assumed that any
hardening mechanism is uncoupled from the elastic deformation.
The free energy function is thus of the form

w ¼ weðCeÞ þ wpðnaÞ; ð16Þ

where na is a set of internal scalar plastic variables. The time deriv-
ative of the free energy is thus

_w ¼ @w
eðCeÞ
@Ce : _Ce þ

X

a

@wpðnaÞ
@na

|fflfflfflffl{zfflfflfflffl}
Sa

_na: ð17Þ

The dissipation inequality becomes, on substitution of (18),

J$1 1
2

Sp $ @w
eðCeÞ
@Ce

" #
: _Ce þ

X

a
sama $ Sa _na
$ %

P 0: ð18Þ

The force-like quantity conjugate to the internal variable na is de-
noted Sa. Following the standard argument of Coleman and Noll
[4], one obtains the elastic relation for Sp in the form

Sp ¼ 2
@weðCeÞ
@Ce : ð19Þ

Thus the reduced dissipation inequality follows from (19) as

D :¼
X

a
sama $ Sa _na
$ %

P 0: ð20Þ

4. Rate-independent and rate-dependent formulations

4.1. Rate-independent theory

The classical theory of elastoplasticity assumes that there is a
threshold value of stress (yield stress) beyond which an elastic
material yields and starts deforming plastically. The elastic domain

T.M. Povall et al. / Computational Materials Science 81 (2014) 386–396 387



GRADIENT SINGLE CRYSTAL PLASTICITY
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SINGLE CRYSTAL PLASTICITY: HARDENING RELATIONS

lattice configuration

FeFp

at time t. The body B in the reference configuration at time t0 is de-
noted by B0. The displacement u is defined by

uðX; tÞ ¼ vðX; tÞ $ X: ð1Þ

The velocity v is defined as the time rate of change of the displace-
ment, i.e.

vðX; tÞ ¼ _u: ð2Þ

The deformation gradient F is defined by

F :¼ $v ¼ @vi

@XA
ei % EA; ð3Þ

where the Jacobian J = det F is positive and ei and EA represent bases
in the current and reference configurations, respectively.

The Kröner–Lee decomposition multiplicatively splits the defor-
mation gradient into an elastic and a plastic part ([10,11]), denoted
Fe and Fp respectively, and is given by

F ¼ FeFp: ð4Þ

Consistent with the requirement that the Jacobian is positive and
that plastic deformations are volume preserving, it is assumed that

det Fe > 0 and det Fp ¼ 1: ð5Þ

The multiplicative split motivates the introduction of an intermedi-
ate configuration. From the elastic deformation gradient, the right
elastic Cauchy–Green tensor is defined by

Ce ¼ FeTFe: ð6Þ

The spatial velocity gradient L is the tensor field defined by

L ¼ $xv ¼
@v i

@xj
ei % ej ¼ Le þ FeLpFe$1

; ð7Þ

where the elastic and plastic distortion rates are respectively de-
fined as

Le ¼ _FeFe$1 and Lp ¼ _FpFp$1
: ð8Þ

Note that in (7) the plastic distortion rate Lp is pushed forward from
the intermediate (lattice) configuration into the current configura-
tion using Fe.

2.2. Slip systems and the single-crystal hypothesis

A fundamental assumption of crystal plasticity is that plastic
deformation takes place on prescribed planes. On each plane there
may be more than one possible direction of plastic flow. The set of
N slip systems is the set of planes and directions on which plastic
deformation can occur. A slip system a 2 [1, . . . ,N] is described by
two orthonormal lattice vectors: the slip direction sa and the slip
plane normal ma. Gurtin [7] argues that it is more meaningful in
a large strain setting to use the slip rate ma, rather than the slip it-
self, as the primary variable for describing the plastic deformation.
The single-crystal hypothesis states that the plastic distortion rate
Lp is composed of the sum of the slip rates on their respective slip
systems [17]

Lp ¼
X

a
masa %ma: ð9Þ

Lower-case Greek superscripts denote slip-system labels. No sum-
mation convention is used for Greek superscripts. The following
shorthand is used for the summation over slip systems:

X

a
¼
XN

a¼1

: ð10Þ

2.3. Balance relations

The quasi-static balance of linear momentum in the spatial con-
figuration is given by

divrþ b ¼ 0; ð11Þ

where the Cauchy stress r is a symmetric tensor and b is the body
force per unit current volume. The divergence of a second order ten-
sor A is defined as divA = @Aij/@xjei.

The resolved shear stress sa is an important measure in crystal
plasticity. It is defined as the Cauchy stress resolved on slip plane a
in the current configuration:

sa ¼ !sa ' r !ma; ð12Þ

where !sa and !ma are the slip directions and normals pushed forward
into the spatial configuration from the lattice configuration, i.e.

!sa ¼ Fesa and !ma ¼ Fe$T ma: ð13Þ

3. Free energy and dissipation inequality

The dissipation inequality arises from the second law of ther-
modynamics [6] and is given by

J$1 1
2

Sp : _Ce þ
X

a
sama $ J$1 _w P 0; ð14Þ

where w is the free energy and Sp is a stress measure similar to the
second Piola–Kirchhoff stress, but defined in the intermediate con-
figuration as

Sp ¼ JFe$1rFe$T: ð15Þ

It is assumed that the free energy is dependent on both the elastic
and the plastic deformation. Furthermore, it is assumed that any
hardening mechanism is uncoupled from the elastic deformation.
The free energy function is thus of the form

w ¼ weðCeÞ þ wpðnaÞ; ð16Þ

where na is a set of internal scalar plastic variables. The time deriv-
ative of the free energy is thus

_w ¼ @w
eðCeÞ
@Ce : _Ce þ

X

a

@wpðnaÞ
@na

|fflfflfflffl{zfflfflfflffl}
Sa

_na: ð17Þ

The dissipation inequality becomes, on substitution of (18),

J$1 1
2

Sp $ @w
eðCeÞ
@Ce

" #
: _Ce þ

X

a
sama $ Sa _na
$ %

P 0: ð18Þ

The force-like quantity conjugate to the internal variable na is de-
noted Sa. Following the standard argument of Coleman and Noll
[4], one obtains the elastic relation for Sp in the form

Sp ¼ 2
@weðCeÞ
@Ce : ð19Þ

Thus the reduced dissipation inequality follows from (19) as

D :¼
X

a
sama $ Sa _na
$ %

P 0: ð20Þ

4. Rate-independent and rate-dependent formulations

4.1. Rate-independent theory

The classical theory of elastoplasticity assumes that there is a
threshold value of stress (yield stress) beyond which an elastic
material yields and starts deforming plastically. The elastic domain
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at time t. The body B in the reference configuration at time t0 is de-
noted by B0. The displacement u is defined by

uðX; tÞ ¼ vðX; tÞ $ X: ð1Þ

The velocity v is defined as the time rate of change of the displace-
ment, i.e.

vðX; tÞ ¼ _u: ð2Þ

The deformation gradient F is defined by

F :¼ $v ¼ @vi

@XA
ei % EA; ð3Þ

where the Jacobian J = det F is positive and ei and EA represent bases
in the current and reference configurations, respectively.

The Kröner–Lee decomposition multiplicatively splits the defor-
mation gradient into an elastic and a plastic part ([10,11]), denoted
Fe and Fp respectively, and is given by

F ¼ FeFp: ð4Þ

Consistent with the requirement that the Jacobian is positive and
that plastic deformations are volume preserving, it is assumed that

det Fe > 0 and det Fp ¼ 1: ð5Þ

The multiplicative split motivates the introduction of an intermedi-
ate configuration. From the elastic deformation gradient, the right
elastic Cauchy–Green tensor is defined by

Ce ¼ FeTFe: ð6Þ

The spatial velocity gradient L is the tensor field defined by

L ¼ $xv ¼
@v i

@xj
ei % ej ¼ Le þ FeLpFe$1

; ð7Þ

where the elastic and plastic distortion rates are respectively de-
fined as

Le ¼ _FeFe$1 and Lp ¼ _FpFp$1
: ð8Þ

Note that in (7) the plastic distortion rate Lp is pushed forward from
the intermediate (lattice) configuration into the current configura-
tion using Fe.

2.2. Slip systems and the single-crystal hypothesis

A fundamental assumption of crystal plasticity is that plastic
deformation takes place on prescribed planes. On each plane there
may be more than one possible direction of plastic flow. The set of
N slip systems is the set of planes and directions on which plastic
deformation can occur. A slip system a 2 [1, . . . ,N] is described by
two orthonormal lattice vectors: the slip direction sa and the slip
plane normal ma. Gurtin [7] argues that it is more meaningful in
a large strain setting to use the slip rate ma, rather than the slip it-
self, as the primary variable for describing the plastic deformation.
The single-crystal hypothesis states that the plastic distortion rate
Lp is composed of the sum of the slip rates on their respective slip
systems [17]

Lp ¼
X

a
masa %ma: ð9Þ

Lower-case Greek superscripts denote slip-system labels. No sum-
mation convention is used for Greek superscripts. The following
shorthand is used for the summation over slip systems:

X

a
¼
XN

a¼1

: ð10Þ

2.3. Balance relations

The quasi-static balance of linear momentum in the spatial con-
figuration is given by

divrþ b ¼ 0; ð11Þ

where the Cauchy stress r is a symmetric tensor and b is the body
force per unit current volume. The divergence of a second order ten-
sor A is defined as divA = @Aij/@xjei.

The resolved shear stress sa is an important measure in crystal
plasticity. It is defined as the Cauchy stress resolved on slip plane a
in the current configuration:

sa ¼ !sa ' r !ma; ð12Þ

where !sa and !ma are the slip directions and normals pushed forward
into the spatial configuration from the lattice configuration, i.e.

!sa ¼ Fesa and !ma ¼ Fe$T ma: ð13Þ

3. Free energy and dissipation inequality

The dissipation inequality arises from the second law of ther-
modynamics [6] and is given by

J$1 1
2

Sp : _Ce þ
X

a
sama $ J$1 _w P 0; ð14Þ

where w is the free energy and Sp is a stress measure similar to the
second Piola–Kirchhoff stress, but defined in the intermediate con-
figuration as

Sp ¼ JFe$1rFe$T: ð15Þ

It is assumed that the free energy is dependent on both the elastic
and the plastic deformation. Furthermore, it is assumed that any
hardening mechanism is uncoupled from the elastic deformation.
The free energy function is thus of the form

w ¼ weðCeÞ þ wpðnaÞ; ð16Þ

where na is a set of internal scalar plastic variables. The time deriv-
ative of the free energy is thus

_w ¼ @w
eðCeÞ
@Ce : _Ce þ

X

a

@wpðnaÞ
@na

|fflfflfflffl{zfflfflfflffl}
Sa

_na: ð17Þ

The dissipation inequality becomes, on substitution of (18),

J$1 1
2

Sp $ @w
eðCeÞ
@Ce

" #
: _Ce þ

X

a
sama $ Sa _na
$ %

P 0: ð18Þ

The force-like quantity conjugate to the internal variable na is de-
noted Sa. Following the standard argument of Coleman and Noll
[4], one obtains the elastic relation for Sp in the form

Sp ¼ 2
@weðCeÞ
@Ce : ð19Þ

Thus the reduced dissipation inequality follows from (19) as

D :¼
X

a
sama $ Sa _na
$ %

P 0: ð20Þ

4. Rate-independent and rate-dependent formulations

4.1. Rate-independent theory

The classical theory of elastoplasticity assumes that there is a
threshold value of stress (yield stress) beyond which an elastic
material yields and starts deforming plastically. The elastic domain
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@XA
ei % EA; ð3Þ
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; ð7Þ
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Lp is composed of the sum of the slip rates on their respective slip
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It is assumed that the free energy is dependent on both the elastic
and the plastic deformation. Furthermore, it is assumed that any
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The free energy function is thus of the form
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4. Rate-independent and rate-dependent formulations

4.1. Rate-independent theory

The classical theory of elastoplasticity assumes that there is a
threshold value of stress (yield stress) beyond which an elastic
material yields and starts deforming plastically. The elastic domain
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E is defined as the convex region of stresses for which there results
only an elastic deformation. It is assumed that there exists a set of
yield functions /a(sa,Sa) (dependent on the stress and the internal
variable Sa), such that /a < 0 inside the elastic domain and /a = 0
on the surface of the elastic domain. A common example of a yield
function for flow on slip system a is

/aðsa; SaÞ ¼ jsaj$ Sa 6 0: ð21Þ

The principle of maximum plastic dissipation is the assumption
that among the possible plastic configurations that satisfy the dis-
sipation inequality (21), the actual configuration is the one that
maximises the value of D [5]. The assumption of associativity be-
tween the rate measures and the normal to the yield surfaces is
made, i.e.

ma ¼ ka @/
a

@sa and _na ¼ ka @/a

@ð$SaÞ
; ð22Þ

where ka P 0 is the plastic multiplier. It can be shown that this
assumption is equivalent to the assumption of maximum dissipa-
tion. It follows from (22) that

ma ¼ ka @/
a

@sa ¼ kasgnðsaÞ;

_na ¼ ka @/a

@ð$SaÞ
¼ ka;

ð23Þ

) _na ¼ jmaj ¼ ka: ð24Þ

The Karush–Kuhn–Tucker (KKT) conditions, which capture the
various constraints on the yield functions and flow relations, fol-
low as

ka P 0; /aðsa; SaÞ 6 0 and ka/aðsa; SaÞ ¼ 0: ð25Þ

4.2. Rate-dependent theory

The rate-dependent theory arises from the regularization of the
rate-independent theory. This is useful from an algorithmic stand-
point, as solving a problem with multiple yield surfaces is complex
[12]. A viscoplastic approximation is used to regularize the prob-
lem. A penalty term is added to the reduced dissipation inequality
(21). The penalty function is chosen in the sense of a Norton–Hoff
creep law [21,19]. Minimization of the resulting Lagrangian results
in the following counterparts to the relations in (24):

ma ¼ d0
jsaj
Sa

! "1
m

sgn sað Þ; ð26Þ

_na ¼ ma
1
m

1
mþ 1

jsaj
Sa

! "
sgn sað Þ: ð27Þ

For a small value of the rate-sensitivity parameter m& 1, the fol-
lowing approximations may be made for (28):

as m! 0
1
m

1
mþ 1

' 1;
jsaj
Sa

! "
' 1; ð28Þ

and therefore

_na ' jmaj; ð29Þ

This is approximately the rate-independent result in (25). Thus, if
the rate-sensitivity parameter in the constitutive Eq. (27) is very
small, m& 1, then the constitutive equation approximates a rate-
independent model.

Rate-independent models are not simple, in an algorithmic
sense, to solve. This is due to the multiplicity of the slip system
and that the plastic deformation rate, expressed in terms of the slip

rate, is overdetermined. A very small rate-sensitivity parameter
would require an algorithm with features developed for rate-inde-
pendent systems (e.g. see Miehe and Schröder [12]).

5. Hardening relations

There are numerous hardening relations that govern the evolu-
tion of the flow resistance Sa. The three that will be compared in
this work are outlined below.

5.1. Implicit hardening

The implicit hardening relation takes the form

_Sa ¼
X

b

habðSÞjmbj; Sajt¼0 ¼ S0; ð30Þ

where S = {S1, . . . ,SN}, S0 is the initial flow resistance and the harden-
ing moduli hab describe the rate of increase of resistance on slip sys-
tem a due to shear on slip system b [1]. In this theory the hardening
moduli accounts for two types of hardening interactions [15]:

( Self-hardening, which arises from interactions between slip sys-
tems that share the same slip plane (i.e. have the same normal).
( Latent-hardening, which arises from interactions between slip

systems that do not share the same slip plane.

The coplanarity moduli vab are a useful measure of interaction be-
tween slip systems. Slip systems a and b are coplanar if mab = jma -
)mbj = 0, and non-coplanar otherwise. The coplanarity moduli are
thus

vab ¼
1 for a and b coplanar systems ðmab ¼ 0Þ
0 for a and b non-coplanar systems ðmab – 0Þ

#
ð31Þ

The hardening moduli in (33) are thus given as

habðSbÞ ¼ vabhðSbÞ|fflfflfflfflffl{zfflfflfflfflffl}
self hardening

þ q 1$ vab
% &

hðSbÞ
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

latent hardening

; ð32Þ

where q > 0 is an interaction constant and h(Sb) is a self-hardening
function given by

hðSbÞ ¼
h0 1$ Sb

S*

' (a
for S0 6 Sb 6 S*

0 for Sb > S*

8
<

: ; ð33Þ

with a, S0, S⁄ and h0 being material constants. The self-hardening
function shown above was first proposed by Anand and Kothari [1].

5.2. Fully-interactive hardening

Gurtin and Reddy [8] proposed a hardening relation in the con-
text of strain-gradient single-crystal plasticity. The special case of
conventional plasticity is now considered. In the case of conven-
tional plasticity the proposed relation has the hardening moduli
dependent on the accumulated slip cb

acc, rather than the slip resis-
tance Sa. The accumulated slip on slip system b is given by

cb
acc ¼ nb ¼

Z t

t0

jmbjdt: ð34Þ

As with the implicit hardening relation, the hardening moduli have
contributions from the self- and latent-hardening. The coplanarity
moduli (32), however, are used in the self-hardening part only. La-
tent hardening is intended to represent the contribution to harden-
ing from slip systems that are not coplanar. Gurtin and Reddy argue
that characterising slip-system interactions using the coplanarity
moduli alone ‘‘seems too rough, because it treats all non-coplanar
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tween the rate measures and the normal to the yield surfaces is
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This is approximately the rate-independent result in (25). Thus, if
the rate-sensitivity parameter in the constitutive Eq. (27) is very
small, m& 1, then the constitutive equation approximates a rate-
independent model.

Rate-independent models are not simple, in an algorithmic
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and that the plastic deformation rate, expressed in terms of the slip
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8
<
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with a, S0, S⁄ and h0 being material constants. The self-hardening
function shown above was first proposed by Anand and Kothari [1].
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rate-independent theory. This is useful from an algorithmic stand-
point, as solving a problem with multiple yield surfaces is complex
[12]. A viscoplastic approximation is used to regularize the prob-
lem. A penalty term is added to the reduced dissipation inequality
(21). The penalty function is chosen in the sense of a Norton–Hoff
creep law [21,19]. Minimization of the resulting Lagrangian results
in the following counterparts to the relations in (24):

ma ¼ d0
jsaj
Sa

! "1
m

sgn sað Þ; ð26Þ

_na ¼ ma
1
m

1
mþ 1

jsaj
Sa

! "
sgn sað Þ: ð27Þ

For a small value of the rate-sensitivity parameter m& 1, the fol-
lowing approximations may be made for (28):

as m! 0
1
m

1
mþ 1

' 1;
jsaj
Sa

! "
' 1; ð28Þ

and therefore

_na ' jmaj; ð29Þ

This is approximately the rate-independent result in (25). Thus, if
the rate-sensitivity parameter in the constitutive Eq. (27) is very
small, m& 1, then the constitutive equation approximates a rate-
independent model.

Rate-independent models are not simple, in an algorithmic
sense, to solve. This is due to the multiplicity of the slip system
and that the plastic deformation rate, expressed in terms of the slip

rate, is overdetermined. A very small rate-sensitivity parameter
would require an algorithm with features developed for rate-inde-
pendent systems (e.g. see Miehe and Schröder [12]).

5. Hardening relations

There are numerous hardening relations that govern the evolu-
tion of the flow resistance Sa. The three that will be compared in
this work are outlined below.

5.1. Implicit hardening

The implicit hardening relation takes the form

_Sa ¼
X

b

habðSÞjmbj; Sajt¼0 ¼ S0; ð30Þ

where S = {S1, . . . ,SN}, S0 is the initial flow resistance and the harden-
ing moduli hab describe the rate of increase of resistance on slip sys-
tem a due to shear on slip system b [1]. In this theory the hardening
moduli accounts for two types of hardening interactions [15]:

( Self-hardening, which arises from interactions between slip sys-
tems that share the same slip plane (i.e. have the same normal).
( Latent-hardening, which arises from interactions between slip

systems that do not share the same slip plane.

The coplanarity moduli vab are a useful measure of interaction be-
tween slip systems. Slip systems a and b are coplanar if mab = jma -
)mbj = 0, and non-coplanar otherwise. The coplanarity moduli are
thus

vab ¼
1 for a and b coplanar systems ðmab ¼ 0Þ
0 for a and b non-coplanar systems ðmab – 0Þ

#
ð31Þ

The hardening moduli in (33) are thus given as

habðSbÞ ¼ vabhðSbÞ|fflfflfflfflffl{zfflfflfflfflffl}
self hardening

þ q 1$ vab
% &

hðSbÞ
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

latent hardening

; ð32Þ

where q > 0 is an interaction constant and h(Sb) is a self-hardening
function given by

hðSbÞ ¼
h0 1$ Sb

S*

' (a
for S0 6 Sb 6 S*

0 for Sb > S*

8
<

: ; ð33Þ

with a, S0, S⁄ and h0 being material constants. The self-hardening
function shown above was first proposed by Anand and Kothari [1].

5.2. Fully-interactive hardening

Gurtin and Reddy [8] proposed a hardening relation in the con-
text of strain-gradient single-crystal plasticity. The special case of
conventional plasticity is now considered. In the case of conven-
tional plasticity the proposed relation has the hardening moduli
dependent on the accumulated slip cb

acc, rather than the slip resis-
tance Sa. The accumulated slip on slip system b is given by

cb
acc ¼ nb ¼

Z t

t0

jmbjdt: ð34Þ

As with the implicit hardening relation, the hardening moduli have
contributions from the self- and latent-hardening. The coplanarity
moduli (32), however, are used in the self-hardening part only. La-
tent hardening is intended to represent the contribution to harden-
ing from slip systems that are not coplanar. Gurtin and Reddy argue
that characterising slip-system interactions using the coplanarity
moduli alone ‘‘seems too rough, because it treats all non-coplanar
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SINGLE CRYSTAL PLASTICITY: HARDENING RELATIONS

๏Highly nonlinear problem
๏ irreversible plasticity and nonlinear hardening
๏ geometric and constitutive nonlinearities
๏ incompressible plastic deformation
๏ rate dependency to regularise the problem

๏Solved using a predictor-corrector algorithm
๏ inner Newton scheme at each quadrature point to compute slip and hardening 

(2x12 for FCC crystal)
๏ exponential approximation for plastic deformation gradient evolution 
๏ fixed-point algorithm used for initial guess for implicit hardening

๏Multithreaded using TBB
๏Would be nice to extend to allow for adaptivity…projection qp data



SINGLE CRYSTAL PLASTICITY: HARDENING RELATIONS

The parameters h0, Ss and S0 are chosen as in [1] to be

h0 ¼ 180 MPa; Ss ¼ 148 MPa; S0 ¼ 16 MPa: ð45Þ

The interaction constant q = 1.4 [14,2].
For a single slip system the isotropic hardening relation takes

the form

S caccð Þ ¼ s0 þ s1 % s0ð Þ tanh
h0cacc

s1 % s0

! "
: ð46Þ

The parameters h0 and s1 were found by fitting (47) to (45) with
the parameters listed in (46). The value of the initial slip resistance
s0 was not fitted, as it is assumed to be the same for both hardening
relations, i.e. S0 = s0 = 16 MPa. The fitted parameters and a graph
comparing the flow resistance evolution are shown in Fig. 1.

6.2. Spherical indentation

This problem concerns a rigid 0.5 L radius indenter acting on the
upper surface of a single crystal over the time period t = [0,0.2].

The indenter is assumed to be perfectly bonded to the material.
This results in a spherically-shaped deformation at the middle of
the top of material below. Fig. 2 shows a diagram of the problem.
Due to symmetry, a quarter of the crystal is modelled. A quarter
of the crystal is the cube X = (0,L)3. The face z = 0 has homoge-
neous Dirichlet boundary conditions prescribed. Since the surface
of the cube in contact with the indenter changes with time, the re-
gion on the face z = L (where the indenter acts) will change over
time. The two regions on the top face are defined as

CDðtÞ & @X :
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 % L% htð Þ2

q
; z ¼ L; ð47Þ

CNðtÞ & @X :
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
>

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 % L% htð Þ2

q
; z ¼ L: ð48Þ

Here h is a parameter related to the final indentation depth. The
non-homogeneous Dirichlet boundary condition on CD(t) is defined
as

uðx; y; LÞ ¼ 0;0;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 % x2 þ y2ð Þ

q
þ ðL% htÞ

! "
on CDðtÞ: ð49Þ

Homogeneous Neumann conditions on CN(t) are prescribed as

rn ¼ !t ¼ 0 on CNðtÞ: ð50Þ

For each hardening relation the problem is solved using a single slip
system, a double slip system and an FCC crystal with 12 slip sys-
tems. The material parameters have been calibrated to be the same
for the case of a single slip system. The results from the single-slip
case can thus be used to validate the calibration.

6.2.1. Single slip system
The slip system normal m = e1 and slip direction

s ¼ 1=
ffiffiffi
2
p
ðe2 þ e3Þ. As the single-slip system is used to validate

the calibration of the hardening relations, it is expected that the re-

Fig. 9. Comparison of slip ca for each hardening relation at point A in the spherical indentation problem with an FCC crystal structure.

Fig. 10. Diagram of the shear problem.
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sults for the different hardening relations should be similar. This is
the case. Fig. 3 shows the slip ca and the flow resistance Sa for each
of the hardening relations. For a single slip system the fully-inter-

active formulation and the implicit formulation are the same and
identical results are observed. There is a slight difference, however,
with the calibrated isotropic relation. At the end of the simulation
the flow resistance differs by about 2 MPa. This is most probably
due to the inexactness of the fit done in the calibration. The slip,
however, shows very little difference between the hardening rela-
tions. From these results it can be concluded that the calibration
was successful, and therefore a comparison of the hardening rela-
tions can be made for more complicated crystal structures.

6.2.2. Double slip system
The purpose of testing the problem with a double slip system is

mainly to confirm that the calibration is correct. In this case, how-
ever, identical results for the fully-interactive formulation and the
implicit formulation are no longer expected. The orientation of the
slip systems in the crystal are shown in Table 1. Fig. 4 shows the
evolution of the flow resistance for each hardening relation. As ex-
pected, the fully-interactive formulation and the implicit formula-
tions now give different results. The flow resistance for the first slip
system seems to follow the same path for both, but the values for
the second slip system differ significantly. For the implicit relation
the flow resistance S2 has a value larger than S1, while for the

Fig. 11. Comparison of slip ca and flow resistance Sa for each hardening relation at the point (0.4 L, 0.4 L, 1.4 L) in the shear problem with a single slip-system crystal
structure.

Fig. 12. Comparison of the reaction force on the top face in the direction of shear,
for the three hardening relations with an FCC crystal structure.

Fig. 13. Comparison of the ryz component of stress at time t = 0.75 s for the shear problem with an FCC crystal structure.
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fully-interactive relation it has a smaller value. This discrepancy
does not carry over to the evolution of the slip, however, as shown
in Fig. 5. The evolution of slip is very similar for all three hardening
relations.

6.2.3. FCC crystal
For the FCC crystal differences between the hardening relations

are expected. The orientations of the slip systems are shown in Ta-
ble 2. Figs. 6 and 7 show some views of the stress distribution and
slip, solved using the fully-interactive relation, at t = 0.2. Fig. 6
shows the vertical component of the Cauchy stress r, and Fig. 7

the slip on one of the slip systems. There is a large amount of slip
directly beneath the indenter, as expected. Fig. 8 shows the flow
resistance for the three hardening relations. The fully-interactive
formulation gives a wider flow resistance distribution. At t = 0.2
the range is from 50 MPa to 85 MPa. This is significantly different
to the range of the implicit hardening relation, which is from
60 MPa to 70 MPa. Despite this large difference in flow resistance,
both produce very similar results for the slip (see Fig. 9). Although
there is a distinct difference between the results, they are still
qualitatively similar in that they have relatively similar amounts
of activity on each slip system.

Fig. 14. Comparison of the slip c5 at time t = 0.75 s for the shear problem with an FCC crystal structure.

Fig. 15. Comparison of flow resistance Sa for each hardening relation at the point (0.4 L, 0.4 L, 1.4 L) in the shear problem with an FCC crystal structure. Note: many of the
curves in (b) are near-identical.
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FRICTION WELDING AND PROCESSING 
๏A family of solid state joining processes that rely on friction for heat 

generation 
๏A region of plasticised material is formed at the interface between 

the workpieces
๏ Forge force is maintained as the workpieces cool back down 

❖ M Hamed (current) PhD (an attendee of the deal.II workshop in Cape Town)



MATHEMATICAL MODELLING OF FRICTION WELDING

๏Coupled thermo-viscoplasticity
๏ Finite deformations:
๏ Lagrangian-Eulerian-like nature to the process

๏ Thermomechanical multi-body friction 
and contact

๏Microstructural texture evolution and 
grain growth

Thermomechanical model

I Thermomechanical balance equations

J div ⌧ + ⇢b = ⇢v̇

⇢ ̇ = J⌧ : d� div q� ⌘̇✓ � ⌘✓̇

I (Thermo-)plasticity

⌧ = pJ1+ dev[⌧ ]

� = kdev[⌧ ]k �
r

2

3
[K 0(↵n) + ŷ(✓)]  0

� � 0 , �� = 0

Balance linear momentum and energy

Thermoplasticity

Contact model

I Normal contact constraint

g(x, ȳ(x))  0

tN := �n (ȳ(x)) · � n (ȳ(x)) � 0

tN g(x, ȳ(x)) = 0

I Tangential contact constraint

h(x, ȳ(x)) := ktTk � µtN  0

⇠ � 0

⇠h(x, ȳ(x)) = 0

Notes on implementation
I Pattern exhibited by

terms of the weak form
Z

⌦

n

div
⇤
up̄J +r⇤

u · dev[⌧ ]
o

d⌦

I separate kinematics
(test functions) from
constitutive
computations

I Contact and
parallelisation

I Assign contact pairs
I Assembly of residual

vector and tangent
matrix

Z

�

⇤
g tNd�

Contact model

I Normal contact constraint

g(x, ȳ(x))  0

tN := �n (ȳ(x)) · � n (ȳ(x)) � 0

tN g(x, ȳ(x)) = 0

I Tangential contact constraint

h(x, ȳ(x)) := ktTk � µtN  0

⇠ � 0

⇠h(x, ȳ(x)) = 0

Normal contact constraints

Tangential contact constraints

Thermomechanical model

I Thermomechanical balance equations

J div ⌧ + ⇢b = ⇢v̇

⇢ ̇ = J⌧ : d� div q� ⌘̇✓ � ⌘✓̇

I (Thermo-)plasticity

⌧ = pJ1+ dev[⌧ ]

� = kdev[⌧ ]k �
r

2

3
[K 0(↵n) + ŷ(✓)]  0

� � 0 , �� = 0

Thermoplasticity



WEAK FORM AND IMPLEMENTATION
Weak forms and finite element solution

I Mechanical deformation weak form
Z

⌦

n

div
⇤
up̄J +r⇤

u · dev[⌧ ]
o

d⌦

�
⇢

Z

⌦

⇤
u · fd⌦+

Z

�

⇤
u · td�

�

+

⇢

Z

�

⇤
g tNd�

�

= 0

I Heat transfer weak form
Z

⌦

⇢

⇤
✓
h

c ✓̇ �Dmech + H̄
i

+r
⇤
✓ · q

�

d⌦

�
⇢

Z

⌦

⇤
✓R̄d⌦+

Z

�

⇤
✓ [�S] d�

�

= 0

Weak forms and finite element solution

I Mechanical deformation weak form
Z

⌦

n

div
⇤
up̄J +r⇤

u · dev[⌧ ]
o

d⌦

�
⇢

Z

⌦

⇤
u · fd⌦+

Z

�

⇤
u · td�

�

+

⇢

Z

�

⇤
g tNd�

�

= 0

I Heat transfer weak form
Z

⌦

⇢

⇤
✓
h

c ✓̇ �Dmech + H̄
i

+r
⇤
✓ · q

�

d⌦

�
⇢

Z

⌦

⇤
✓R̄d⌦+

Z

�

⇤
✓ [�S] d�

�

= 0

Balance linear momentum and contact

Balance energy ๏Distinct kinematics from 
constitute relations

๏Parallel aware contact search
๏Linearisation of the contact 

term requires the gradient of 
the Hessian….
๏ work in progress



CONTACT WITH PLASTICITY AND HEAT TRANSFER



SOME OBSERVATIONS

Vast majority of problems in nonlinear solid mechanics involve:
๏ complex material response: 
๏ elasticity, viscoelasticity, plasticity, coupled-problems etc
๏ linearisation of the constitutive relations is arduous and error prone
๏ an error in the residual often independent to another error in the tangent
๏ handling of internal variables (stored at quadrature points, for example)

๏ relatively standard element choices
๏ robust nonlinear Newton scheme for monolithic equation system
๏ fully-implicit or semi-implicit scheme
๏ exact tangent often required
๏ line-search, time-step or load control critical

๏ spatial adaptivity often critical
๏ e.g. phase field models for fracture (see e.g. HEISTER, WHEELER,  WICK (2015), CMAME)



AUTOMATIC DIFFERENTIATION TOOLS

๏Been involved in some projects recently that use Mathematica-based 
FE code generator

grain boundaries (finite 
gradient crystal plasticity)

❖ Gottschalk (2015) PhD (Hannover)

Comput Mech (2015) 55:755–769 767

(a) (b)

Fig. 7 The evolution of the temperature at the point ym with time is shown in (a). The labels (A–C) correspond to the stages of loading shown in
Fig. 6. The variation in the temperature across the line y− − y+ at the end of the loading cycle is shown in (b)

(a) (b)

(c) (d)

Fig. 8 The deformed specimen with Ep
22,

!
α ρα and βϑ are shown in (a–c), respectively. The variation in the resultant force on the upper surface

∂Vt with time is shown in (d)

9.2 Tensile loading of a FCC dog bone specimen

In contrast to the previous example, the current example
emphasises thermomechanical coupling effects for a dog
bone specimen with a FCC crystal structure subject to tensile
loading. The dimensions of the specimen and the computa-
tional mesh are shown in Fig. 5. The dog bone example also
demonstrates the ability of the proposed numerical formula-
tion to efficiently solve reasonably complex problems.

The upper surface of the specimen ∂Vy+ is displaced ver-
tically (i.e. in the e2 direction) a distance of 1.8 mm in a
time of 0.5 s. The lower surface ∂Vy− is fully fixed. Micro-
hard boundary conditions are assumed top and bottom and

micro-free conditions on all other faces. The temperature
on the top and bottom faces is set to the initial tempera-
ture of ϑ0 = 293 K. Cubic symmetry is assumed for the
elastic response with C11 = 153 × 103, C12 = 119 × 103

and C44 = 49 × 103 N/mm2. The initial dislocation density
ρ = 100 mm−2. The remaining material properties are as
listed in Table 1. The orientation of the slip planes relative
to the unit cell (and, for this example, the fixed Cartesian
basis) are given in Table 2. The domain is discretized using
13,470 Q1 elements with 16 degrees of freedom per node (3
displacement, 12 slip, 1 temperature).

The temperature distribution at various times during the
loading process is superimposed upon the deformed domain
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❖ McB, Bargmann, Reddy (2015), Comp Mech

gradient crystal 
thermoplasticity

๏Similar functionality exists via Sacado (AD) coupled to NOX 
(Nonlinear solver) in Trilinos: detailed, focussed tutorial missing…I 
(we) would like to add one

AceGen

AceFEM

Abaqus

FEAP

C code

user element

F code
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